A Rigidity theorem for parabolic 2-Hessian equations by He, Yan et al.
ar
X
iv
:1
90
6.
06
68
2v
1 
 [m
ath
.A
P]
  1
6 J
un
 20
19
A RIGIDITY THEOREM FOR PARABOLIC 2-HESSIAN EQUATIONS
YAN HE, CEN PAN AND NI XIANG∗
Abstract. In this paper, we consider the entire solutions to the parabolic 2-Hessian equations
of the form −utσ2(D
2u) = 1 in Rn × (−∞, 0]. We prove some rigidity theorems for the
parabolic 2-Hessian equations in Rn × (−∞, 0] by establishing Pogorelov type estimates for
2-convex-monotone solutions of the parabolic 2-Hessian equations.
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1. Introduction
Since Bernstein proved that an entire, two dimensional, minimal graph must be a hyper-
plane, the Bernstein problem has been a core problem in the study of minimal submani-
folds. Analytically speaking, an entire minimal graph in Rn+1 is given by an entire solution,
u(x1, · · · , xn) ∈ C2(Rn), of the following minimal equation:
n∑
i=1
Di(
Diu√
1 + |Du|2 ) = 0.
The Bernstein problem asks whether an entire solution of the above equation is necessarily a
linear function. After that many problems on the classification of the entire solutions to partial
differential equations have been extensively studied.
In this paper, we focus on some results concerning the rigidity theory for fully nonlinear
equations. For the k-Hessian equations,
σk(D
2u(x)) = 1.(1.1)
Let σk(λ) be the k-th elementary symmetric function of λ ∈ Rn. Then σk(D2u(x)) = σk(λ[D2u]),
where λ[D2u] are the eigenvalues of the Hessian matrix, D2u, of a function u defined in Rn.
Alternatively, it can be written as the sum of the k × k principal minors of D2u.
We introduce the class of functions and domains to ensure the ellipticity of (1.1).
Definition 1.1. A function u ∈ C2(Rn) is called k-convex if λ[D2u] = (λ1[D2u], ..., λn[D2u])
belongs to Γk for all x ∈ Rn, where Γk is the Garding’s cone
Γk = {λ ∈ Rn : σj(λ) > 0,∀1 ≤ j ≤ k}.
Then we list some results concerning the rigidity theorems for the entire solutions of (1.1).
For k = 1, (1.1) is a linear equation. Its entire convex solution must be a quadratic polynomial.
For k = n, the Monge-Ampe`re equation, a well-known theorem due to Jo¨rgens [15] (n = 2),
Calabi [2] (n = 3, 4, 5) and Pogorelov [19] [20] (n ≥ 2) asserts that that any entire strictly convex
solution must be a quadratic polynomial. In 2003, Caffarelli and Li, [5] extended the theorem of
Jo¨rgens, Calabi and Pogorelov based on the theory of Monge-Ampe`re equations [3, 4]. Moreover,
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Jian and Wang [14] obtained Bernstein type result for a certain Monge-Ampe`re equation in the
half space Rn+.
For k = 2, Chang and Yuan [7] obtained the rigidity for the entire convex solutions of the
equation (1.1) if the lower bound holds
D2u(x) ≥
[
δ −
√
2
n(n− 1)
]
I,
for any δ > 0. Especially, n = 3 and k = 2 in [24] by a different transformation and the
geometric measure theory, rigidity theorem hold under semiconvexity assumption D2u ≥ −KI.
For general k, Bao, Chen, Guan and Ji [1] proved the Bernstein type theorem for strictly
convex entire solutions of (1.1), satisfying a quadratic growth are quadratic polynomials. Here
the quadratic growth is defined as follows,
Definition 1.2. A function u : Rn → R satisfies the quadratic growth if there are some positive
constants b, c and sufficiently large R, such that,
u(x) ≥ b|x|2 − c, for |x| ≥ R.(1.2)
Recently, the strictly convex assumption can be reduced to (k+1)-convexity by Li, Ren and
Wang [17]. Based on their result, Chen and Xiang [9] obtain the rigidity theorems for 2-convex
solution if σ3(D
2u) ≥ −A and a quadratic growth (1.2) when k = 2. Especially, for n = 3, the
assumption σ3(D
2u) ≥ −A can be redundant.
The parabolic Monge-Ampe`re equation
(1.3) − ut detD2u = 1 in Rn × (−∞, 0].
was firstly proposed by Krylov [16]. Equations (1.3) naturally appear in stochastic theory. This
operator was relevant in the study of deformation of a surface by Gauss-Kronecker curvature
[10].
As far as we know, rigidity theorems for parabolic fully nonlinear equations are known very
limited. Gutie´rrez and Huang [11] extended Theorem of Jo¨rgens, Calabi, and Pogorelov to
the parabolic Monge-Ampe`re equations. Xiong and Bao obtained Bernstein type theorems for
more general cases, such as ut = (detD
2u)1/n and ut = log detD
2u. Then S. Nakamori and K.
Takimoto [18] studied the bernstein type theorem for parabolic k -Hessian equations when the
entire solution u was convex-monotone.
Here the function u = u(x, t) : Rn × (∞, 0]→ R is said to be convex-monotone if it is convex
in x and non-increasing in t. Furthermore, The function u = u(x, t) : Rn × (∞, 0] → R is said
to be k-convex-monotone if it is k-convex in x and non-increasing in t.
It would be interesting to see if the rigidity theorem holds for general parabolic k-Hessian
equations under k-convex-monotone solutions. We extend the results in our recent paper [9]
from elliptic case to the parabolic 2-Hessian equations,
(1.4) − utσ2(D2u(x)) = 1, in Rn × (−∞,0].
Our main theorem is stated as follows.
Theorem 1.3. Given any nonnegative constant A, any entire 2-convex-monotone solution u ∈
C4,2(Rn × (−∞, 0]) of the equation (1.4) satisfying σ3(D2u(x, t)) ≥ −A and u(x, 0) satisfies
a quadratic growth (1.2). If there exist constants m1 ≥ m2 > 0 such that for all (x, t) ∈
Rn × (−∞, 0],
(1.5) −m1 ≤ ut(x, t) ≤ −m2.
Then u has the form u(x, t) = −mt + p(x) where the constant m > 0 and p is a quadratic
polynomial.
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2. Pogorelov type lemma
Let W = (Wij) be a symmetric tensor and σk(W ) = σk(λ[W ]), where λ[W ] denotes the
eigenvalues of the W . Similarly, we say W ∈ Γ2 if λ[W ] ∈ Γ2, which also means σ1(W ) > 0,
σ2(W ) > 0. It follows from [6], if W ∈ Γ2, then σij2 = ∂σ2∂Wij (W ) is positive definite. We first
recall the following important Lemma in [8].
Lemma 2.1. Suppose W ∈ Γ2 is diagonal and W11 ≥ · · · ≥Wnn, if ξij is symmetric and
n∑
i=2
σii2 ξii + σ
11
2 ξ11 = η,
then
−
∑
i 6=j
ξiiξjj ≥ n− 1
2σ2(W )
[2σ2(W )ξ11 −W11η]2
[(n− 1)W 211 + 2(n− 2)σ2(W )]
− η
2
2σ2(W )
.
For our case when u ∈ C4,2(Rn × (−∞, 0]), let W = D2u, −utσ2(D2u) = 1, ξij = uij1. Thus,
η = ut1
u2t
and we obtain the following corollary directly.
Corollary 2.2. Let u ∈ C4,2(Rn × (−∞, 0]) be a 2-convex-monotone solution of (1.4), then
−
∑
i 6=j
uii1ujj1 ≥ n− 1
2σ2
[2σ2u111 − u11η]2
[(n − 1)u211 + 2(n − 2)σ2]
− η
2
2σ2
.
Next, we recall the following Lemma 3 in [13]. For completeness, we give the proof here.
Lemma 2.3. Under the same assumption as in Lemma 2.1, and in addition that there exists a
positive constant
a ≤
√
σ2(W )
3(n− 1)(n − 2)(2.1)
(if n = 2, a > 0 could be arbitrary), such that
σ3(W + aI) ≥ 0,(2.2)
then
7
6
σ2(W ) ≥ (σ2(W ) + (n− 1)(n − 2)
2
a2) ≥ 5
6
σ112 (W )W11,(2.3)
provided that W11 > 6(n− 2)a. Furthermore, for any j ∈ {2, ..., n},
|Wjj| ≤ (n − 1)2a+ 7(n− 1)σ2(W )
5W11
.(2.4)
Using the above lemma for the solution of the equation (1.4), we can have
Corollary 2.4. Let u be a 2-convex-monotone solution of (1.4). Assume D2u is diagonal and
u11 ≥ · · · ≥ unn, there exists a constant A sufficiently large such that
σ3(D
2u) ≥ −A,
and
u11 ≥ 6(n− 2)
n
A,(2.5)
then
σ2(D
2u) ≥ 5
7
σ112 (D
2u)u11,(2.6)
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and
|ujj | ≤ (n− 1)2
√
2A
n(n− 1)σ1m1 +
7(n− 1)σ2
5u11
(2.7)
≤ (n− 1)2
√
2A
n(n− 1)u11m1 +
7(n − 1)
5u11m2
.(2.8)
Proof. We may pick a =
√
2A
n(n−1)σ1(D2u)m1
. Since u is 2-convex-monotone, u11 ≤ σ1. Then
clearly,
a =
√
2A
n(n− 1)σ1m1 ≤
√
2A
n(n− 1)u11m1 ≤
√
1
3(n − 1)(n − 2)m1 ≤
√
σ2
3(n− 1)(n − 2) ,
in view of (2.5). Meanwhile,
σ3(W + aI) = σ3(W ) + naσ2(W ) +
n(n− 1)
2
a2σ1(W ) +
n(n− 1)(n − 2)
6
a3
≥ σ3(W ) + n(n− 1)
2
a2σ1(W )
≥ 0,
which guarantees the condition (2.2) is satisfied. Lastly, if we choose A sufficiently large, we
have from (2.5)
u
3
2
11 ≥ 6(n − 2)
√
2A
n(n− 1)m1 ,
which implies
u11 ≥ 6(n− 2)
√
2A
n(n− 1)u11m1 ≥ 6(n − 2)
√
2A
n(n− 1)σ1m1 = 6(n− 2)a.
Then, this corollary follows from Lemma 2.3 directly. ✷
We introduce some notations. If Ω ⊂ Rn × (−∞, 0] and t ≤ 0, Ω(t) is denoted by
Ω(t) = {x ∈ Rn|(x, t) ∈ Ω}.
Let Ω ⊂ Rn × (−∞, 0] be a bounded set and t0 = inf{t ≤ 0|Ω(t) 6= ∅}. The parabolic boundary
∂pΩ is defined by
∂pΩ = (Ω(t0)× t0) ∪
⋃
t≤0
(∂Ω(t)× t),
where Ω(t0) denotes the closure of Ω(t0) and ∂Ω(t) denotes the boundary of Ω(t).
To prove Theorem 1.3, we need the following key Lemma.
Lemma 2.5. Let Ω be a bounded domain in Rn×(−∞, 0], and u ∈ C4,2(Ω) a 2-convex-monotone
solution to
(2.9)
{
− utσ2(D2u) = 1, x ∈ Ω;
u = 0, x ∈ ∂pΩ.
Assume
σ3(D
2u) ≥ −A,
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for some positive constant A. Then, for any 2-convex-monotone solution u, we have the
Pogorelov type estimate,
max
x∈Ω
(−u)α|D2u| ≤ C(2.10)
for sufficiently large α > 0. Here α and C only depend on A, n, m1, m2, diam(ΩR(t)) and
|u|C0(Ω).
Proof. Since u = 0 on ∂pΩ, we have u ≤ 0 in Ω by the Comparison principle (see Theorem 17.1
in Page 443 of [12]).
σ1(D
2u) > 0, we obtain
|D2u| ≤ (n− 1) max
ξ∈Sn−1
uξξ.
So we need only to estimate
max
(x,t,ξ)∈Ω×Sn−1
(−u)αuξξ ≤ C.
Now we consider the function for (x, t) ∈ Ω, ξ ∈ Sn−1,
P˜ (x, t, ξ) = α log(−u) + logmax{uξξ, 1}+ 1
2
|x|2,
where α is a constant to be determined later. By u = 0 on ∂pΩ, the maximum of P˜ is attained
in some interior point (x0, t0) ∈ Ω/∂pΩ and some ξ(x0) ∈ Sn−1. Choose smooth orthonormal
local frames e1, . . . , en about x0 such that ξ(x0) = e1 and {uij(x0, t0)} is diagonal. Set
u11(x0, t0) ≥ u22(x0) ≥ ... ≥ unn(x0).
We may also assume that u11(x0) ≥ 1 is sufficiently large. Then we consider the function
P (x, t) = α log(−u) + log u11 + 1
2
|x|2.
Note that (x0, t0) is also a maximum point of P . We want to estimate P (x0, t0).
At the maximum point (x0, t0),
0 = Pi =
αui
u
+
u11i
u11
+ xi.(2.11)
0 ≤ Pt = αut
u
+
u11t
u11
.(2.12)
Noticing
0 ≤ Pij = αuij
u
− αuiuj
u2
+
u11ij
u11
− u11iu11j
u211
+ δij ,(2.13)
Differential equation (1.4) in k-th variable,
(2.14) (−ut)σij2 uijk − σ2utk = 0.
Taking differentiating once more of the equation (1.4),
(−utl)σij2 uijk − utσij,mn2 uijkumnl − utσij2 uijkl − σij2 uijlutk − σ2utkl = 0.
By (2.14), we have
(2.15) − utσij,mn2 uijkumnl − utσij2 uijkl − 2(ut)−2utlutk + (ut)−1utkl = 0.
Especially,
(2.16)
u11t
utu11
− ut
u11
σij2 uij11 =
ut
u11
σij,mn2 uij1umn1 +
2u2t1
u11u
2
t
.
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Let L be the linearized operator of (1.4) at (x0, t0). Then we can write
(2.17) L =
1
ut(x0, t0)
Dt + (−ut(x0, t0))σij2 (x0, t0)Dij .
By (2.11), (2.12) and (2.13), we have
0 ≥ L(P )(x0, t0)
=
1
ut
(
αut
u
+
u11t
u11
) + (−ut)σij2 [
αuij
u
− αuiuj
u2
+
u11ij
u11
− u11iu11j
u211
+ δij ]
=
α
u
+
u11t
utu11
+
2α
u
+
αutσ
ij
2 ujuj
u2
− utσ
ij
2 u11ij
u11
+
utσ
ij
2 u11iu11j
u211
− ut(n− 1)σ1
=
3α
u
+
utσ
ij,mn
2 uij1umn1
u11
+ 2
u2t1
u11u2t
+
αutσ
ij
2 ujuj
u2
+
utσ
ij
2 u11iu11j
u211
− ut(n− 1)σ1.
Note that
utσ
ij,mn
2 uij1umn1 = (−ut)(
∑
i 6=j
u2ij1 −
∑
i 6=j
uii1ujj1).
Now we want to estimate the second term on the right side of the above equality. Assume
that u11 ≥
√
2(1−ǫ)(n−2)
(n−1)ǫm2
at x0, here ǫ to be determined, otherwise our Lemma holds true. Then,
using Corollary 2.2, we obtain
(−ut)(−
∑
i 6=j
uii1ujj1) ≥ n− 1
2
[2σ2u111u
2
t − u11ut1]2
[(n− 1)u211u2t + 2(n − 2)σ2u2t ]
− u
2
t1
2u2t
≥ 1− ǫ
2
[2σ2u111u
2
t − u11ut1]2
u211u
2
t
− u
2
t1
2u2t
.
Using Cauchy inequality, we have
[2σ2u111u
2
t − u11ut1]2 ≥ (1−
1− ǫ
4− ǫ)(2σ2u111u
2
t )
2 + (1− 4− ǫ
1− ǫ)(u11ut1)
2.
Then
(−ut)(−
∑
i 6=j
uii1ujj1) ≥ 6(1− ǫ)
4− ǫ
u2111
u211
− 2 u
2
t1
u11u
2
t
.
By the inequality (2.6),
σ2 ≥ 5
7
σ112 u11,
and set ǫ = 134 , we get
(−ut)(−
∑
i 6=j uii1ujj1)
u11
≥
16
15(−ut)σ112 u2111
u211
− 3
2
u2t1
u11u
2
t
.(2.18)
Then,
L(P )(x0, t0) ≥ 3α
u
+
αutσ
ii
2 u
2
i
u2
+
∑
i 6=1(2u11 − σii2 )(−ut)u211i
u211
+
1
15σ
11
2 (−ut)u2111
u211
−ut(n− 1)σ1.
In view of (2.11) and the Cauchy-Schwarz inequality, we have
−(ui
u
)2 ≥ − 2
α2
u211i
u211
− 2
α2
(xi)
2.
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Thus,
L(P )(x0, t0) ≥ 3α
u
+ (
1
15
− 2
α
)
(−ut)σ112 u2111
u211
+
∑
i 6=1(2u11 − (1 + 2α )σii2 )(−ut)u211i
u211
− 2
α
σii2 x
2
i − (n − 1)utσ1.
In view of (2.7), if we choose u11 bigger than some constant C(n, α,A) (otherwise our lemma
holds true automatically), we have
2u11 − (1 + 2
α
)σii2 ≥ (1−
2
α
)u11 − (1 + 2
α
)(n− 2)
(
(n− 1)2
√
2A
n(n− 1)u11m1 +
7(n − 1)
5u11m2
)
≥ (1− 2
α
)u11 − C(n, α,A,m1)√
u11
− C(n, α,A,m2) > 0.
Next, if we choose α large, we obtain at (x0, t0)
0 ≥ L(P )(x0, t0) ≥ 3α
u
− 2
α
σii2 x
2
i − (n− 1)utσ1
≥ 3α
u
− (n− 1)ut
2
σ1
≥ 3α
u
− (n− 1)ut
2
u11
≥ 3α
u
+
(n− 1)m2
2
u11.
So, we finish the proof of our Lemma. ✷
3. The proof of Theorem 1.3
We now begin to prove Theorem 1.3.
Proof. The proof is standard [17] [22]. Let u be an entire solution of the equation (1.4). For
any constant R > 1, we consider the set
ΩR = {(y, t) ∈ Rn × (−∞, 0] : u(Ry,R2t) < R2}.
Let
v(y, t) =
u(Ry,R2t)−R2
R2
.
We consider the following Dirichlet problem:
(3.1)
{
(−vt)σ2(D2v) = 1, in ΩR;
v = 0, on ∂pΩR.
Since
D2yv = D
2
xu,
clearly, v is a 2-convex-monotone solution of (3.1) and satisfies σ3(D
2v) ≥ −A. Applying
Lemma 2.5, so we have the estimates,
(−v)α|D2v| ≤ C(n,A,m1,m2, diam(ΩR(t)), |v|C0(ΩR)).(3.2)
Now using the quadratic growth condition in Theorem 1.3 and monotone of the solution, we
have
b|Ry|2 − c ≤ u(Ry, 0) ≤ u(Ry,R2t) ≤ R2,
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which implies
|y|2 ≤ 1 + c
b
.
We now consider the domain
Ω′R = {(y, t) ∈ Rn × (−∞, 0] : u(Ry,R2t) <
R2
2
} ⊂ ΩR.
In Ω′R, we have
−c− 1 ≤ v(y) ≤ −1
2
.
Then
(−v)α|D2v| ≤ C(n,A,m1,m2, b, c).(3.3)
Hence, (3.3) implies that
|D2v| ≤ 2αC(n,A,m1,m2, b, c).
Note that,
D2yv = D
2
xu.
Thus, using the previous two formulas, we have
|D2u| ≤ C(n,A,m1,m2, α, b, c), in Ω˜R = {(x, t) ∈ Rn × (−∞, 0] : u(x, t) < R
2
2
},
where C is a absolutely constant. The arbitrary of R implies the above inequality holds true in
all over Rn × (−∞, 0]. Using Evans-Krylov theory (Theorem 4.2 in [18]), we have
|D2u|Cα ≤ C(n, α) |D
2u|C0
Rα
≤ C(n, α)
Rα
.
|ut|Cα ≤ C(n, α)
Rα
.
Hence, we obtain our theorem by letting R→ +∞. ✷
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